Appendix 1 


This is additional material to complete Section 3.1 of Unit 3 (see page 11). 


A homomorphism with domain Ff] 


Suppose that f,g are polynomials in R{t] and a is an element of R. Then f(a) and 
g(a) are elements of R, so they can be added in R to give f(a) + g(a). Suppose 
that 


f= oat’ and g(t) =) dit’; 
then 
f(a) + 9(@) = (© aio) + ie biat) 
=J (ai + bija’ 


because addition in R is commutative and associative. But a; + b; is the coefficient 
of t’ in the polynomial f + g, so this last expression is (f + g)(a). Thus 


fla + gla) = (f + 9)(a). 


In a similar fashion, also using the distributivity of multiplication over addition in 
R, we can show that 


fla)sla) = (Fg)(a), 


where (fg)(a) denotes the image of a under the function from R to R associated 
with the polynomial fg. 


We restate these results succinctly in the following theorem. 
Theorem 3.1.3. Let R be a commutative ring and let a € R. Then the map 
ġ : R|t] — R defined by 

Pf f(a) 


is a ring homomorphism. 


Theorem 3.1.3 tells us that if we have a polynomial equality, such as 


FE) = a(t)g(t) + r(t), 


where f,q,g,r € Rit], then we are quite justified in ‘substituting @ for t’, where 
a € R, to obtain the equality 


f(a) = gla)g(a) + r(a) 

in R. 

We can extend Theorem 3.1.3 a little. If 
FC =e art 

then the element f(a) may be defined as 
fa) = Dae! 


whenever a and the coefficient a; belong to the same ring. Thus if f € R[t] and S 
is a ring containing R, the polynomial f defines a function from S to S by 


Lr ` aa’. 


Thus we have the following. 


Corollary 3.1.4. Let R be a subring of a commutative ring S and let a € S. 
Then the map ¢: R[t] — S defined by 


9: f — f(a) 


is a ring homomorphism. 
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